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  “Why difficult when easy? ” :   the Residue-and-Carry method

Subject:   The subject is the way of solving the mathematical problems known under 

the names of  Fermat and Goldbach.   Both are additive arithmetic statements about multiplicative numbers ( p-th powers resp. primes) that an amateur can understand, but which are considered to be extremely difficult, if not impossible, to prove. Moreover, they are very old problems: the Fermat theorem ca.1640 (for p>2 and positive integers: the sum of two p-th powers is not a p-th power), and the Goldbach conjecture of 1742 (each even number beyond 4 is the sum of two odd primes).

An indirect proof  of Fermat’s problem, known as Fermat’s Last Theorem (FLT), was in may 1995 published by Andrew Wiles of Princeton University (USA),  as worldnews reaching the news papers. However, this proof is some 110 pages long, and uses the result of another paper of 20 pages. Very few mathematicians can follow this proof, and moreover it actually proves something else, in order by indirection to derive FLT.

Relevance:   This is a typical case of how great the distance has become between science and everyday practice. Hence it would be useful to show that a much simpler and more direct approach is possible, also providing insight for practical issues, such as computer construction.  Around 1640 Fermat found his famous Small Theorem (FST:  n p = n mod p for each natural number n and prime p ), and also around that time he made in the margin of Diophantus’ book Arithmetica a remark saying that he had a beautifully simple proof  of FLT. It is still discussed what approach this possibly could have been.

. . . The present proof [1] indeed starts at FST, and by extension of it derives FLT. 

In fact, this approach points to a new logarithmic coding of numbers, simplifying multiplication to addition, and division to subtraction – see the industrial patent [2].

Method:  This approach to Fermat’s problem can also be used for proving Goldbach’s Conjecture [4], which until now has not been solved. The essence of this method can 

be explained by primary school arithmetic principles, namely the ‘residue-and-carry’ method. Counting with residues does everyone who watches the clock to learn the time 

of day, namely modulo 12, and the ‘carry’ occurs when the counting basis (modulus), 

such as 10 in decimal notation, is exceeded, for instance 7+8 = 5 with carry 1. The carry 

has a bad effect in arithmetic, slowing down computers considerably (carry propagation). Moreover, in formal number theory the carry  is avoided because it does not satisfy a most important mathematical principle, namely ‘closure’ which guarantees that the result of an operation on two items results in an item of the same type. This ‘breaking closure’ by the carry has made it very impopular with mathematicians, so that it has been ignored, at least ever since Gauss in 1801 formalized residue arithmetic. But this, of course, is not a satisfactory state of affairs in computer construction : working only with residues is half the story, but it is a good start for solving the problem for integers.

Published work: 

[1]  Proof FLT : http://pc2.iam.fmph.uniba.sk/amuc/_vol74n2.html  (pp 169 – 184)

                         (Nov.2005,   Acta Mathematica Univ. Bratislava)

[2]  Patent : US-5.923.888 (13 july 1999)  http://de.archive.org/abs/math.GM/0105029
[3]  N.F.Benschop: “Powers representing residues mod p k , from Fermat to Waring” in:

. . . Computers and Mathematics, with Applications, V39, N7-8, p253-261 (march 2000)

. . . http://de.archiv.org/abs/math.GM/0103083  which shows that the FLT inequality  actually means  ‘anti-closure’ because p-th powers under addition generate new numbers. 

Hence they are a good generating set for the natural numbers. It is derived that each residue  n mod p k  (prime p, each k>0) is the sum of at most four p-th power residues 

(re: the known property that each natural number is the sum of at most four squares).

Further documentation:

[4] Proof Goldbach : http://de.arxiv.org/abs/math.GM/0103091      (16 pgs)

. . . short version : http://home.iae.nl/users/benschop/ng-abstr.htm  (10 pgs)

Presentation:

With a powerpoint presentation the mathematical and arithmetic principles can be illustrated visually at a popular level, as well as the practical consequences of the 

residue-and-carry approach to such ‘difficult’ problems, which by this new approach 

with carry become reasonably ‘easy’. 

